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We explore amplification and cross-Kerr nonlinearity by a three-level emitter (3LE) embedded in
a waveguide and driven by two light beams. The coherent amplification and cross-Kerr nonlinearity
were demonstrated in recent experiments, respectively, with a V and a ladder-type 3LE coupled to
an open superconducting transmission line carrying two microwave fields. Here, we consider Λ, V ,
and ladder-type 3LE, and compare the efficiency of coherent and incoherent amplification as well as
the magnitude of the cross-Kerr phase shift in all three emitters. We apply the Heisenberg-Langevin
equations approach to investigate the scattering of a probe and a drive beams both initially in a
coherent state. We particularly calculate the regime of the probe and drive powers when the 3LE
acts most efficiently as a coherent amplifier, and derive the second-order coherence of amplified
probe photons. Finally, we apply the Kramers-Kronig relations to correlate the amplitude and
phase response of the probe beam, which are used in finding the coherent amplification and the
cross-Kerr phase shift in these systems.
I. INTRODUCTION
Waveguide quantum electrodynamics (QED) systems
[1, 2] are a new platform for investigating the coherent
and incoherent scattering of few propagating photons
from individual atoms embedded in a one-dimensional
(1D) waveguide. Superconducting quantum circuits
[1, 2], tapered nanofibers [3], and photonic crystals [4]
are some examples of such systems. Strong light-matter
interactions have been engineered in these waveguide
QED systems to demonstrate many interesting physical
phenomena such as resonance fluorescence [5–7], nonre-
ciprocal transmission [8–13], electromagnetically induced
transparency [14–17], cross-Kerr nonlinearity [18, 19],
photon-mediated interactions between distant emitters
[20, 21], quantum wave mixing [22, 23], and to create
basic all-optical quantum devices such as single-photon
router or switch [14, 24, 25], single-photon transistor
[26, 27], amplifier [28–32].
Many of the above phenomena, e.g., electromagneti-
cally induced transparency, cross-Kerr nonlinearity, non-
reciprocity, and the devices, e.g., router, transistor, am-
plifier, are studied with a three-level emitter (3LE) and
two light beams. Depending on the used optical transi-
tions for the two beams, various configurations of the
3LE are employed. For example, Astafiev et al. [28]
implemented on-chip quantum amplification of a probe
beam on a single V-type 3LE by creating population in-
version using a drive beam. Hoi et al. [19] realized a
cross-Kerr interaction between two microwave fields by
strongly coupling a ladder-type 3LE to an open supercon-
ducting transmission line carrying the microwave fields.
A comparison of optimal gain for coherent amplification
in different configurations of 3LE for a weak probe and
a strong drive beam was carried out in Ref. [33]. While
many studies [28, 33] discuss on-chip coherent amplifica-
tion of a probe beam, the coherent amplification in these
systems is accompanied by an incoherent amplification,
which has been mostly ignored so far. The incoherent
amplification limits the performance of coherent amplifi-
cation and severely controls the statistics of the amplified
probe beam. The coherent amplification is needed for lin-
ear (phase-sensitive) amplifiers and the total amplifica-
tion including coherent and incoherent amplification can
be useful for photon detectors including single-photon
detectors.
In the first part of this paper, we perform a detailed
analysis of coherent and incoherent amplification in dif-
ferent models of 3LE for arbitrary strength of probe and
pump beams. In superconducting circuits, a flux qubit
[28], a transmon qubit [19], and a heavy fluxonium qubit
(a capacitively shunted fluxonium circuit) [34] can be
used to realize respectively a V , a ladder and a Λ-type
3LE. We apply here the Heisenberg-Langevin equations
approach [12, 35, 36] to investigate the time-evolution of
light fields and the emitter after their interaction. We
begin the results by arguing that only Λ and V config-
urations of the 3LE can amplify, and then discuss why
a Λ-type 3LE acts a better amplifier than a V -type 3LE
at low drive power. We derive approximate formulas for
coherent and incoherent amplification, which show the
dependence of these on drive power and inelastic (non-
radiative) losses. We compare between coherent and in-
coherent amplification at different probe and drive power,
and point out where the on-chip device acts most effi-
ciently as a coherent amplifier. We particularly show that
the maximum coherent amplification is much higher in a
V system than a Λ system for a resonant weak probe
beam at substantial drive powers. We also calculate
second-order coherence g(2)(τ) (with delay time τ) of am-
plified probe photons. For a relatively strong drive field,
we find g(2)(τ = 0) < 1 at low probe powers when the
incoherent amplification dominates and g(2)(τ = 0) ≥ 1
at higher probe powers when the coherent amplification
is significant.
While the amplitude response of a transmitted probe
field in the presence of a drive field gives a measure of
the coherent amplification, a difference in the phase re-
sponse of the transmitted probe field in the presence and
absence of a drive field is used to quantify cross-Kerr
interaction between the probe and drive fields. We ex-
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FIG. 1. Cartoon of 3LEs with levels |1〉, |2〉, |3〉. Three differ-
ent arrangements for the coupling of probe (red arrow) and
drive (blue arrow) beams with the allowed transitions make
(a) Λ, (b) V , and (c) ladder-type configuration of the 3LE.
Here, Ωp and Ωd are respectively the Rabi frequency of the
probe and drive beam, and γ denotes the strength of non-
radiative decay.
amine cross-Kerr phase shifts in all three different 3LEs.
We find that though the above definition to quantify the
cross-Kerr phase shift works perfectly well for a V and a
ladder system, we need to introduce a different descrip-
tion to quantify the cross-Kerr phase shift in a Λ system
accurately. We calculate the cross-Kerr phase shift as
a function of the power of probe and drive beam at a
probe frequency that maximizes the phase shift. Such
dependences of the cross-Kerr phase shift on power were
measured in a ladder system by Hoi et al. [19], and our
results are in agreement with the experiment. Finally,
we apply the Kramers-Kronig relations in understanding
the connection between the coherent amplification and
the cross-Kerr phase shift of the probe beam in these
systems. We primarily identify a regime of probe pow-
ers when a measurement of amplitude response of probe
transmission as a function of probe beam detuning can
be used to derive the exact phase response of the probe
beam.
The rest of the paper is arranged in the following sec-
tions. In Sec. II, we introduce the Hamiltonians of differ-
ent 3LEs, photon and excitation fields, and interactions
between them. We describe the Heisenberg-Langevin
equations approach to calculate transport properties in
Λ-type 3LE in Sec. III. We discuss the coherent and in-
coherent amplification of a probe beam in a Λ and a V
system in Sec. IV. The investigation of the cross-Kerr
phase shift in all three emitters and the relation between
amplitude and phase response of a probe beam are given
in Sec. V. We conclude our article with a discussion in
Sec. VI. We have further added three appendices at the
end to include the transport properties in a V and a
ladder-type 3LE and a comparison between quantum and
classical modeling of the drive beam.
II. MODELS AND HAMILTONIANS
We consider a 3LE with energy levels |1〉, |2〉, and |3〉.
We set the energy of the ground level |1〉 to be zero. The
energies of the levels |2〉 and |3〉 are respectively ~ω21
and ~ω31 with ω21 < ω31. The 3LE is embedded in an
open 1D waveguide. There are total three different op-
tical transitions between levels |1〉 ↔ |2〉, |2〉 ↔ |3〉, and
|3〉 ↔ |1〉. A monochromatic, continuous-wave beam of
frequency ωd drives one of the transitions of the 3LE, and
we choose ωd close to that particular transition frequency.
Another monochromatic, continuous-wave probe beam of
frequency ωp is side-coupled to another transition of the
3LE. Depending on the used optical transitions for the
drive and probe beams, we classify the 3LE as V , Λ, and
ladder-type system (see Fig. 1). The third allowed tran-
sition of these systems can be connected by an additional
coupling field or a non-radiative relaxation process form-
ing ∆-type cyclic transitions. Here, we consider the pres-
ence of a relaxation channel, e.g., a non-radiative decay
at the third transition for creating a population inversion
[19, 28]. We also assume here that the polarization of the
drive and probe beam is different. It helps us to separate
scattered probe and drive lights.
For a full quantum modeling, we express both the
probe and drive beams as quantum electromagnetic
fields, and write the Hamiltonian of an X-type of 3LE
in a 1D waveguide as:
HqX
~
= ω21σ
†σ + ω31µ†µ+
∫ ∞
−∞
dk
(
vgk
[ ∑
α=±
(a†kαakα
− b†kαbkα) + c†kck + d†kdk + f†kfk
]
+ λ2(ck + c
†
k)σ
†σ
+ λ3(fk + f
†
k)µ
†µ
)
+
HcX
~
, (1)
where X stands for Λ or V or ladder-type 3LE. The rais-
ing and lowering operators of the emitter are defined as,
σ† ≡ |2〉〈1|, σ ≡ |1〉〈2|, µ† ≡ |3〉〈2|, µ ≡ |2〉〈3|, ν† ≡ |1〉〈3|
and ν ≡ |3〉〈1|. a†kα [b†kα] are creation operators for two
different polarizations of right-moving [left-moving] pho-
ton modes of the probe and drive beams. Here, the polar-
izations are denoted by subscript α = ±, and we assign
+ and − polarization respectively for the probe and drive
beam. d†k is a creation operator of the excitations related
to non-radiative decay. The strength of pure dephasing
of levels |2〉 and |3〉 to baths of excitations created by op-
erators c†k and f
†
k are respectively λ2 and λ3. We assume
a linear energy-momentum dispersion, ωk = vgk, near
some frequencies which are close to the relevant optical
transitions, and vg is the group velocity of photons at
those frequencies. HcX consists of coupling of the probe
and drive beams with the 3LE, and it also contains the
interaction of 3LE with the relaxation process.
We here write light-matter interactions in linear form
(dipole approximation) within the rotating-wave approx-
imation. The coupling strength of the probe and drive
beam with the 3LE is respectively gp and gd. Within
the Markov approximation, the couplings gp and gd are
taken to be constant over photon frequency near the cor-
responding optical transitions. For such frequency inde-
pendent couplings, the photon fields behave as memo-
ryless baths. Therefore, we write for a Λ, V and ladder
3(Ξ)-type 3LE:
HcΛ
~
=
∫ ∞
−∞
dk
[
gpµ
†βk+ + gdνβk− + γσ†dk + h.c.
]
,(2)
HcV
~
=
∫ ∞
−∞
dk
[
gpσ
†βk+ + gdνβk− + γµ†dk + h.c.
]
,(3)
HcΞ
~
=
∫ ∞
−∞
dk
[
gpσ
†βk+ + gdµ†βk− + γνdk + h.c.
]
,(4)
where we define βk± = (ak± + bk±), and γ denotes a
strength of coupling to the non-radiative decay.
III. TRANSPORT PROPERTIES
Here, we consider both the input beams from the left
of the waveguide QED system. The input probe and
drive beams are in the coherent states with frequency ωp
and ωd, and with amplitude Ep and Ed, respectively. We
assume that the bath of non-radiative decay is initially in
vacuum mode at t = t0. Therefore, the full initial state is
|ψ〉 = |Ep, ωp〉⊗|Ed, ωd〉⊗|ϕ〉 which satisfies ak+(t0)|ψ〉 =
Epδ(vgk − ωp)|ψ〉, ak−(t0)|ψ〉 = Edδ(vgk − ωd)|ψ〉 and
bk+(t0)|ψ〉 = bk−(t0)|ψ〉 = 0. Here, |ϕ〉 is the vacuum
of the bath of non-radiative decay and pure-dephasing,
and we have ck(t0)|ϕ〉 = dk(t0)|ϕ〉 = fk(t0)|ϕ〉 = 0. We
assume that the couplings gp and gd are turned on at
t = t0 when the light beams are shined on the 3LE in the
ground state |1〉. Following Astafiev et al. [28], we set
pure dephasing rates Γλ2 = piλ
2
2/vg and Γλ3 = piλ
2
3/vg to
zero in our following discussion of amplification [37].
Below, we provide details of calculation for the Λ-type
3LE, and the corresponding results for the V and ladder
systems are given in Appendix A and B, respectively.
We apply the Heisenberg-Langevin equations approach
with the Hamiltonian in Eqs. 1 and 2 to calculate the
time-evolution of the emitter and light fields after they
interact. Thus, we derive the following matrix equations
for the time-evolution of emitter’s operators after taking
their expectation in the initial state |ψ〉 of the light fields:
dMΛ
dt
=RΛMΛ +ΩΛ, where RΛ =

κ1 −iΩp 0 iΩd −iΩd 0 0 0
−iΩp κ∗3 iΩd 0 0 0 0 0
0 iΩd κ
∗
2 −2iΩp −iΩp 0 0 0
iΩd 0 −iΩp −2Γ˜ 0 iΩp 0 −iΩd
−iΩd 0 0 4Γd − 2Γγ −2Γγ 0 0 iΩd
0 0 0 2iΩp iΩp κ2 −iΩd 0
0 0 0 0 0 −iΩd κ3 iΩp
0 0 0 −iΩd iΩd 0 iΩp κ∗1

, (5)
MΛ(t) = (N ∗1 ,S1,M∗1,N2,S2,M1,S∗1 ,N1)T and ΩΛ =
(0, 0, iΩp, 0, 2Γγ ,−iΩp, 0, 0)T . We define the Rabi fre-
quency of the probe beam by Ωp = gpEp/vg, and identify
that of the control beam as Ωd = gdEd/vg. The de-
tunings of the beams from the respective transitions are
∆d = ω31−ωd and ∆p = ω31−ω21−ωp. The relaxation
rates arose due to light-matter couplings are written as
Γp = pig
2
p/vg, Γd = pig
2
d/vg, and the other parameters are
non-radiative decay rate Γγ = piγ
2/vg, total relaxation
due to drive and probe beams Γ˜ = 2(Γp + Γd) and diag-
onal entries κ1 = −i∆d − Γ˜, κ2 = −i∆p − Γ˜− Γγ , κ3 =
κ2 − κ1. We have used the following definitions for the
expectation of the emitter’s operators in MΛ(t):
N1(t) = 〈ψ|ν(t)|ψ〉e−iωd(t−t0),
S1(t) = 〈ψ|σ(t)|ψ〉ei(ωd−ωp)(t−t0),
S2(t) = 〈ψ|σ(t)σ†(t)|ψ〉,
M1(t) = 〈ψ|µ(t)|ψ〉eiωp(t−t0),
N2(t) = 〈ψ|ν(t)ν†(t)|ψ〉.
Using the solution of MΛ(t) from Eq. 5, we can
evaluate the transport coefficients of the probe and
drive beams and their power spectra. We intro-
duce a real-space description of the propagating pho-
tons at position x ∈ [−∞,∞] to derive the proper-
ties of the scattered light [12]. For the left-moving
and right-moving probe and drive photons, we de-
fine axα(t) =
∫∞
−∞ dk e
ikxakα(t)/
√
2pi and bxα(t) =∫∞
−∞ dk e
ikxbkα(t)/
√
2pi. Here, the photon operators at
x < 0 and x > 0 denote respectively the incident and
scattered photons, and the photons at x = 0 are coupled
to the emitter.
The power spectrum of light represents a distribution
of photons over frequency. For example, the power spec-
trum of the incident, monochromatic probe light is a
delta function around ωp. We define power spectrum
of transmitted probe and drive light at long-time steady-
state as
Ptr,α(t, ω) = Re
∫ ∞
0
dτ
pi
eiωτ 〈a†xα(t)axα(t+ τ)〉, (6)
where we take x > 0, t  t0 and the expectation 〈..〉
is performed in the initial state |ψ〉. We can derive
the power spectrum of the incident probe and drive
beams, Pin,+(ω) and Pin,−(ω) respectively, by writing
expressions like Eq. 6 for axα(t) at x < 0. As ex-
pected, we find Pin,+(ω) = E
2
pδ(ω − ωp)/(2piv2g) and
4Pin,−(ω) = E2dδ(ω−ωd)/(2piv2g). We get the total incident
probe and drive power from the integrated power spec-
tra:
∫
dωPin,+(ω) = E
2
p/(2piv
2
g) ≡ Ip and
∫
dωPin,−(ω) =
E2d/(2piv
2
g) ≡ Id. The power spectrum of the reflected
probe and drive lights at long-time steady-state is
Pref,α(t, ω) = Re
∫ ∞
0
dτ
pi
eiωτ 〈b†xα(t)bxα(t+ τ)〉, (7)
where again we take x > 0, t t0.
The transmission coefficients T Λp (t), T Λd (t) and the re-
flection coefficients RΛp (t),RΛd (t) of the probe and drive
beams at some time t are derived by dividing the respec-
tive integrated power spectrum by the incident power Ip
or Id:
T Λp (t) = 1 +
4Γ2p
Ω2p
N2(t) + 4Γp
Ωp
Im[M1(t)], (8)
T Λd (t) = 1 +
4Γ2d
Ω2d
N2(t)− 4Γd
Ωd
Im[N1(t)], (9)
RΛp (t) =
4Γ2p
Ω2p
N2(t), RΛd (t) =
4Γ2d
Ω2d
N2(t). (10)
We can find N1(t),N2(t), and M1(t) by solving Eq. 5,
and calculate the above transport coefficients of light
from Eqs. 8-10. The long-time steady-state properties of
the light-matter interaction can be obtained from Eq. 5
by setting dMΛdt = 0, and we find MΛ(t → ∞) =
−R−1Λ ΩΛ. In the following, we apply these transport co-
efficients in investigating amplification of the probe beam
in the presence of a drive beam and non-radiative decay.
In Appendix C, we discuss some differences in the trans-
port properties at long-time steady-state due to quantum
and classical modeling of the drive beam when Ωd → 0.
IV. AMPLIFICATION BY POPULATION
INVERSION
We notice that the excitation number operators N1
and N2 commute withHqΛ in the absence of non-radiative
decay (Γγ = 0), where
N1 = σ
†σ + µ†µ+
∫ ∞
−∞
dk(a†k−ak− + b
†
k−bk−), (11)
N2 = −σ†σ +
∫ ∞
−∞
dk(a†k+ak+ + b
†
k+bk+). (12)
Therefore, these number operators remain conserved
at all times during the light-matter interactions. We
can further deduce from Eq. 5 that MΛ(t) reaches a
unique steady-state value due to the relaxation terms
in RΛ via the Markovian light-matter coupling. Thus,
〈ψ|σ†(t)σ(t)|ψ〉 and 〈ψ|µ†(t)µ(t)|ψ〉 are independently
time-invariant in the steady-state. From the above argu-
ments, we conclude that 〈ψ| ∫∞−∞ dk(a†k+ak++b†k+bk+)|ψ〉
and 〈ψ| ∫∞−∞ dk(a†k−ak−+ b†k−bk−)|ψ〉 do not change over
time in the steady-state. Therefore, there is exchange of
photons between the different polarization of light fields
in the steady-state of a driven Λ-type 3LE for any value
of Ωd.
For a finite Γγ , the number operators N1 and N2 do not
commute with HqΛ. Thus, these are no longer conserved
quantities. Nevertheless, we find
[N1 +
∫ ∞
−∞
dk d†kdk,HqΛ] = 0, (13)
[N2 −
∫ ∞
−∞
dk d†kdk,HqΛ] = 0. (14)
Again, we can argue like before that 〈ψ|σ†(t)σ(t)|ψ〉
and 〈ψ|µ†(t)µ(t)|ψ〉 are independently constant over
time in the steady-state of the driven Λ-type 3LE. In
the steady-state, we can also prove 〈ψ| ∫∞−∞ dk d†kdk|ψ〉
increases linearly with time as the rate of de-
cay of d〈ψ| ∫∞−∞ dk d†kdk|ψ〉/dt is 2Γγ〈ψ|σ†(t)σ(t)|ψ〉
(2Γγ〈ψ|µ†(t)µ(t)|ψ〉) for a Λ (V ) system which is a
constant. Therefore, 〈ψ| ∫∞−∞ dk(a†k−ak− + b†k−bk−)|ψ〉
decays with time linearly while 〈ψ| ∫∞−∞ dk(a†k+ak+ +
b†k+bk+)|ψ〉 grows linearly with time in the steady-state.
The above argument suggests the amplification of probe
beam (+ polarization) by an exchange of photons be-
tween the probe and drive beams via the non-radiative
decay in a Λ-type 3LE.
We now explicitly quantify the amount of amplifica-
tion in different types of 3LEs. We first observe that the
sum of transmission and reflection of the probe and drive
beams are independently conserved in the steady-state
when Γγ = 0; thus we have T Λp (t→∞)+RΛp (t→∞) = 1
and T Λd (t → ∞) +RΛd (t → ∞) = 1. This proves no ex-
change of photons between the probe and drive beams at
steady-state as we have argued earlier. However, there
is an exchange of photons between the beams if we in-
clude a finite non-radiative decay (Γγ 6= 0) in our Λ-
type 3LE, and we have T Λp (t → ∞) + RΛp (t → ∞) >
1, T Λd (t → ∞) + RΛd (t → ∞) < 1 with the constrain
Ip(T Λp (t→∞)+RΛp (t→∞))+Id(T Λd (t→∞)+RΛd (t→∞)) = (Ip + Id). Therefore, the driven Λ-type 3LE acts
as an amplifier for Γγ 6= 0. The amplification of the probe
beam in this system is due to the optical pumping of the
emitter’s population from the ground to excited state by
the drive beam and the cyclic transitions created by the
non-radiative decay to continue the process. Thus, the
mechanism of amplification here is the well-known popu-
lation inversion for standard lasing operation. A similar
line of argument can be made for a V-type 3LE for the
mixing of photons from the probe and control beams via
population inversion in the presence of non-radiative de-
cay. However, population inversion can not be created
for a ladder-type 3LE as the non-radiative decay brings
the 3LE to ground level |1〉. Hereafter, we discuss various
features of the amplification in a Λ and a V -type 3LE.
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FIG. 2. Features of coherent amplification ηΛc and η
V
c of a
probe beam by respectively a Λ and a V -type 3LE coupled to a
1D waveguide. (a,b) Scaling of ηΛc and η
V
c as a function of the
Rabi frequency Ωd of the drive beam, and (c,d) dependence
of ηΛc and η
V
c on non-radiative decay Γγ . The parameters are
Γp = Γd = 0.01,∆p = ∆d = 0 in all panels, and (a) Γγ = 0.02,
(c) Γγ = 0.1, (b) Ωd = 0.03, (d) Ωd = 0.08. The parameters
are in unit of ω31.
A. Coherent amplification
We first study the amplification of the coherently scat-
tered part of a probe beam. This has been investigated
experimentally in waveguide QED using a V-type 3LE
made of a superconducting quantum circuit coupled to
a 1D transmission line [28]. Coherent amplification of a
probe beam is also discussed in recent theoretical stud-
ies in waveguide QED systems [33]. We define coherent
amplification efficiency ηc as the ratio of the difference
between the coherently transmitted power and incident
power, and the incident power itself. ηc is a measure
of what fraction of the amplified, transmitted probe pho-
tons has a constant phase relation with the incident probe
beam. The coherent amplification efficiency for a Λ and
a V -type 3LE is respectively given by:
ηΛc =
2
(
Γp|M1(t)|2 + ΩpIm[M1(t)]
)
vgIp
, (15)
ηVc =
2
(
Γp|S3(t)|2 + ΩpIm[S3(t)]
)
vgIp
. (16)
When both the probe and drive beams are on resonant,
e.g., ∆p = ∆d = 0, we can find approximate expressions
for the coherent amplification of a weak probe beam.
These for the Λ and V -type 3LE are ηXc ≈ 4ηX0 (ηX0 + 1)
where X = Λ, V , and
ηΛ0 =
ΓpΓγΩ
2
d(2Γd + Γγ)
(Ω2d + ΓtΓγ)(Γ˜
2Γγ + 2Ω2d(Γγ + Γp))
, (17)
ηV0 =
Γp(Γt(ΓγΩ
2
d − 2Γp(2Γd + Γγ)2)− 4Γ2pΩ2d)
(2ΓpΓt + Ω2d)(2Γp(2Γd + Γγ)
2 + Ω2d(Γγ + 4Γp))
,
(18)
with Γt = Γ˜ + Γγ . In Fig. 2(a,b), we plot these approxi-
mate formulas of ηΛc and η
V
c from Eqs. 17,18 as a function
of Ωd of the drive beam, and compare these approximate
lineshapes with the exact ones from Eqs. 15,16 for differ-
ent probe amplitude Ωp and a fixed Γγ . As expected, the
approximate formulas match with the exact lineshapes
only for small Ωp. It is clear from Eqs. 17,18 that η
Λ
c > 0
for any small but non-zero Ωd while it requires a large
Ωd (> Ωd0 where Ωd0 =
√
2ΓpΓt(2Γd + Γγ)/(ΓγΓt −
4Γ2p)
1/2 from Eq. 18) to have ηVc > 0. Therefore, a Λ-type
3LE acts as a better ultimate on-chip quantum amplifier
than a V -type 3LE at a weak driving field when both
the probe and drive fields are at the few-photon quan-
tum regime. A substantial population inversion to level
|3〉 with respect to level |2〉 of a Λ-type 3LE is achieved
with much less pumping by the drive beam in comparison
to that to level |2〉 with respect to level |1〉 of a V -type
3LE. As the population of level |2〉 of a Λ-type 3LE is
essentially near zero due to non-radiative decay to level
|1〉, it requires less pumping for creating a population in-
version to level |3〉 in a Λ-type 3LE. On the contrary, at
least half of the population of the emitter must be excited
from level |1〉 to levels |2〉 and |3〉 of a V -type 3LE by the
drive beam to generate a population inversion. The pop-
ulation of level |2〉 becomes higher than that of level |1〉
of a V system when Ωd > Ωd0.
We also notice from Fig. 2(a,b) that both ηΛc and η
V
c
depend non-monotonically on Ωd. From Eq. 17 we find
that while ηΛc grows quadratically of Ωd at small Ωd, it
decays as Ω−2d at large Ωd. There is no population inver-
sion in the absence of a drive beam (Ωd = 0), and the
population inversion grows with increasing Ωd from zero.
However, the maximum population inversion is reached
at a finite Ωd, and a further increment in Ωd causes split-
ting of levels |1〉 and |3〉, which leads to detuning of the
probe beam. Therefore, the coherent scattering of the
probe beam and related amplification efficiency fall with
increasing Ωd beyond some Ωd.
We evaluate the maximum attainable coherent ampli-
fication of a weak probe beam in Λ and V -type 3LEs
using the approximate formulas in Eqs. 17,18 when both
the probe and drive beams are on resonant. For a Λ-
type 3LE, the maximum of ηΛ0 and related η
Λ
c occurs
at a critical Rabi frequency of the drive field, Ω2d|c =√
ΓtΓ˜Γγ/
√
2(Γγ + Γp). When we further maximize η
Λ
0 at
Ω2d|c and Γd ≈ 0 (weak drive-field coupling or low relax-
ation due to the drive beam), we find the value of max-
imum possible coherent amplification in a Λ-type 3LE
is 0.181 for Γp/Γγ ≈ 0.351. To calculate the maximum
amount of ηVc , we approximate η
V
0 in Eq. 18 further in the
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FIG. 3. Maximum coherent amplification ηΛc,max and η
V
c,max
of a resonant probe beam by respectively a Λ and a V -type
3LE coupled to a 1D waveguide. Dashed lines are calculated
from the approximate formulas in Eqs. 17,18 for a weak probe
beam, and full lines show exact scaling of ηΛc,max and η
V
c,max
as a function of the Rabi frequency Ωp of the probe beam
at an Ωd that maximizes the coherent amplification. The
parameters are Γd = 0.0001,∆p = ∆d = 0 in both panels,
and (a) Γp = 0.01,Γγ = 0.03, (b) Γp = 0.001,Γγ = 0.1. The
parameters are in unit of ω31.
regime Γd  Γp  Γγ with the limit Γd → 0,Γt → Γγ ,
and we find
ηV0 ≈
Γp(Ω
2
d(Γ
2
γ − 4Γ2p)− 2ΓpΓ3γ)
(2ΓpΓγ + Ω2d)(2ΓpΓ
2
γ + Ω
2
d(Γγ + 4Γp))
≈ 1
2
ν − 1
(ν + 1)2
, ν =
Ω2d
2ΓpΓγ
, (19)
where we obtain the last line from the previous line by
applying Γp  Γγ for terms multiplying Ω2d. We have a
maximum of ηV0 at ν = 3, and the corresponding maxi-
mum value of ηVc is 0.266. Therefore, we conclude that
the coherent amplification of a weak probe beam is higher
in a V -type 3LE than that in a Λ-type 3LE when both
the drive and probe beams are on resonant. Astafiev
et al. [28] found the maximum value of coherent trans-
mission amplitude t˜Vp being 9/8, which gives the maxi-
mum amount of ηVc as |t˜Vp |2 − 1 = 17/64 as before. In
Fig. 3, we present the scaling of the maximum value of ηΛc
and ηVc with increasing Ωp, and also compare them with
the maximum value of ηΛc and η
V
c obtained from the ap-
proximate formulas in Eqs. 17,18 for a weak probe beam.
While the maximum value of ηΛc and η
V
c matches with
those from the approximate formulas at Ωp → 0, they
fall with increasing Ωp due to saturation of the transi-
tion coupled to the probe beam. These are shown in
Fig. 3.
We later explore the role of non-radiative decay rate
Γγ in coherent amplification. A non-zero Γγ is essen-
tial for the exchange of photons between the probe and
drive beams in the steady-state. Nevertheless, Γγ also
reduces the coherence of level |2〉 of a Λ-type 3LE, which
would affect coherent amplification. The population of
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FIG. 4. Features of incoherent amplification ηΛinc and η
V
inc of
a probe beam by respectively a Λ and a V -type 3LE coupled
to a 1D waveguide. (a,b) Scaling of ηΛinc and η
V
inc as a func-
tion of the Rabi frequency Ωd of the drive beam, and (c,d)
dependence of ηΛinc and η
V
inc on non-radiative decay Γγ . The
dotted curves are obtained from the approximate formulas in
Eqs. 23,25, and the full lines are using the exact formulas in
Eqs. 22,24. The parameters are Γp = Γd = 0.01 in all panels,
and (a) Γγ = 0.02, (c) Γγ = 0.1, (b) Ωd = 0.03, (d) Ωd = 0.08.
The parameters are in unit of ω31.
levels |3〉, as well as |2〉 of a V -type 3LE, decreases with
increasing Γγ at larger Γγ ; it leads to a reduction in pop-
ulation inversion in a V -type 3LE. Thus, we expect co-
herent amplification to initially improve with increasing
Γγ and then to fall beyond certain values of Γγ in both
Λ and V -type 3LE. We show the dependence of ηΛc and
ηVc on Γγ in Fig. 2(c,d) which behavior matches with our
above arguments.
B. Incoherent amplification
Next, we consider the amplification of the incoherently
scattered part of the probe beam. For this, we first quan-
tify the total amplification efficiency of the coherently
and incoherently scattered parts of the probe beam as
ηXT = T Xp (t)− 1, (20)
where X = Λ, V . Using ηXT , we now define the amplifica-
tion of the incoherently scattered part of the probe beam
as:
ηXinc = η
X
T − ηXc . (21)
For a Λ-type 3LE, we get from Eq. 21:
ηΛinc =
2Γp
vgIp
(N2 − |M1|2). (22)
7We derive the following relatively simple formula of ηΛinc
by approximating the occupation N2 of the level |3〉 and
dropping the transition amplitudeM1 between the levels
|2〉 and |3〉 for a strong drive beam and a weak probe
beam (Ωd/Ωp  1):
ηΛinc ≈
2ΓpΓγΩ
2
d
vgIp(Γγ(Γ˜2 + ∆2d) + 2Ω
2
d(Γp + Γγ))
. (23)
The above incoherent amplification of the probe beam is
due to spontaneous emission from the level |3〉, which is
excited by the strong drive beam. Similarly, we can find
for a V -type 3LE:
ηVinc =
2Γp
vgIp
(1−N4 − S4 − |S3|2). (24)
For a strong drive beam and a weak probe beam
(Ωd/Ωp  1), we approximate the occupation (1−N4 −
S4) of the level |2〉 and neglect the transition amplitude
M1 between the levels |1〉 and |2〉 in Eq. 24, and we find
a simplified expression for ηVinc:
ηVinc ≈
2ΓpΓγΩ
2
d
vgIp(2Γp((Γγ + 2Γd)2 + ∆2d) + Ω
2
d(4Γp + Γγ))
.
(25)
We find from the above approximate formulas in
Eqs. 23,25 that the dependence of ηXinc on the drive beam
amplitude Ωd is similar for Λ and V -type system. While
ηXinc increases quadratically with Ωd at low Ωd, it satu-
rates at large Ωd. We also notice from these approximate
formulas that ηXinc increases linearly with Γγ at small Γγ .
While ηΛinc saturates quickly to some finite value at a
higher Γγ , η
V
inc falls at large Γγ (which is not shown in
Fig. 4(d)). We plot these approximate formulas of ηXinc
in Fig. 4 both for Λ and V -type 3LE by varying Ωd and
Γγ . We also include the exact dependence of η
X
inc on Ωd
and Γγ in Fig. 4. The approximate formulas in Eqs. 23,25
show an excellent match with the exact ones at low probe
power for any Ωd and Γγ . However, the agreement is not
good at small Ωd or Γγ for high probe power (especially
for V -type 3LE).
The spontaneous emission from the excited level |3〉
to level |2〉 (level |2〉 to level |1〉) is the primary source
of incoherent amplification for Λ (V ). Such emission in-
creases with increasing Ωd before saturation of level |3〉
at certain values of Ωd, and the emission is not much
affected by the probe power [38]. Therefore, we expect
ηXinc to increase with Ωd before saturation and to fall with
increasing Ωp, as shown in Fig. 4. An increasing Γγ can
decrease the coherence of level |2〉 of a Λ-type 3LE, but
it improves the population inversion between levels |2〉
and |3〉. Thus, the amplification of incoherently scat-
tered probe beam increases with an increasing Γγ before
saturation. On the other hand, the population of level
|2〉 of a V -type 3LE first grows with an increasing Γγ ,
and then falls at larger Γγ ; therefore, η
V
inc also increases
with an increasing Γγ before falling at large Γγ .
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FIG. 5. Comparison between coherent amplification ηΛc , η
V
c
and incoherent amplification ηΛinc, η
V
inc of a probe beam by
respectively a Λ and a V -type 3LE coupled to a 1D waveg-
uide. (a,b) Scaling of ηΛc , η
V
c , η
Λ
inc, η
V
inc as a function of the
Rabi frequency Ωd of the drive beam, and (b,d) dependence of
ηΛc , η
V
c , η
Λ
inc, η
V
inc on non-radiative decay Γγ . The dotted curves
are for ηΛinc, η
V
inc and the full lines are for η
Λ
c , η
V
c . The param-
eters are Γp = Γd = 0.01 in all panels, and (a) Γγ = 0.02, (c)
Γγ = 0.1, (b) Ωd = 0.03, (d) Ωd = 0.08. The parameters are
in unit of ω31.
C. Coherent vs. incoherent amplification
While coherent amplification has been mostly inves-
tigated for practical applications of these on-chip quan-
tum amplifiers, incoherent amplification is also an inte-
gral part of such devices. The coherent amplification is
mostly due to stimulated emission from the population-
inverted emitter. The source of incoherent amplification
is spontaneous emission at that transition. It is crucial
to classify the parameter regimes, where the coherent
and incoherent amplification dominate. For this, we here
include a comparison between the efficiency of coherent
and incoherent amplification in a Λ and a V -type 3LE.
In Fig. 5, we plot the exact lineshapes of ηXc and η
X
inc as
a function of Ωd and Γγ for different probe power. We
find ηXinc much higher than η
X
c for a weak probe beam in
both a Λ and a V -type 3LE at all Ωd. We further notice
that ηXc can be higher than η
X
inc at a higher probe power
and a relatively smaller drive power where an on-chip
quantum amplifier acts as a better coherent amplifier if
we consider higher ηXc /η
X
inc as efficiency criterion. How-
ever, we should remind that the maximum value of ηXc
(as well as ηXinc) is obtained for a lower probe power. We
also observe that both ηXc and η
X
inc themselves fall with
increasing probe beam power at low drive power.
80.0
0.5
1.0
1.5
g(
2) T
,Λ
(τ
)
(a) Ωd/ω31 = 0.01
Ωd/ω31 = 0.0165
Ωd/ω31 = 0.04
0.0
0.5
1.0
(b)
Ωp/ω31 = 0.0025
Ωp/ω31 = 0.01
Ωp/ω31 = 0.02
Ωp/ω31 = 0.04
0 25 50 75 100
τ/ω−131
0.0
0.5
1.0
1.5
g(
2) T
,V
(τ
)
(c) Ωd/ω31 = 0.02
Ωd/ω31 = 0.0275
Ωd/ω31 = 0.09
0 20 40 60
τ/ω−131
0.0
0.5
1.0
(d)
Ωp/ω31 = 0.0025
Ωp/ω31 = 0.01
Ωp/ω31 = 0.02
Ωp/ω31 = 0.04
FIG. 6. Second-order correlation function g
(2)
T,Λ(τ), g
(2)
T,V (τ)
of a transmitted probe beam with time delay τ for different
strength of the drive beam (panels a,c) and the probe beam
(panels b,d). The parameters are Γp = Γd = 0.01,∆p = ∆d =
0 in all panels, and (a,b) Γγ = 0.02, (c,d) Γγ = 0.1, (a,c)
Ωp = 0.005, (b) Ωd = 0.04, (d) Ωd = 0.09. The parameters
are in the unit of ω31.
D. Statistics of transmitted probe photons
Photon statistics is a crucial ingredient to study the
physical nature of light, e.g., classical vs. quantum light.
We here calculate the photon statistics of the transmitted
probe light, which is amplified in the quantum amplifier
modeled by a driven 3LE. We are particularly interested
in understanding how amplification affects the statistics
of transmitted probe photons. In our study, the initial
states are coherent states which have Poissonian photon
distribution. One standard measure of photon statistics
is second-order (intensity) correlation function g(2)(τ),
which for the transmitted probe photon is defined as
g
(2)
T,X(τ) =
〈a†x+(τ)a†x+(t+ τ)ax+(t+ τ)ax+(τ)〉
〈a†x+(t)ax+(t)〉〈a†x+(t+ τ)ax+(t+ τ)〉
,(26)
where τ is time delay, and the photon field is given by
ax+(t) = ζa(t− x
vg
)− i
√
2pigp
vg
ζX(t− x
vg
), (27)
ζa(t) =
1√
2pi
∫ ∞
−∞
dk e−ivgk(t−t0)ak+(t0), (28)
where ζΛ = µ and ζV = σ. It can be shown that ζa(t+τ−
x
vg
) commutes with ζX(t − xvg ) because our initial state
is a product of the states of the 3LE and the photon
fields. Such commutation simplifies the calculation of
g
(2)
T,X(τ). By integrating out the photon fields after taking
expectation over the initial photon fields, we can rewrite
g
(2)
T,X(τ) as the following:
g
(2)
T,X(τ) =
GXT (t, τ)
T Xp (t)T Xp (t+ τ)
, where (29)
GXT (t, τ)
= T Xp (t+ τ) + T Xp (t)− 1−
16Γ3p
Ω3p
Im[〈ζ†X(t′)ζ†X(t′ + τ)ζX(t′)〉e−iωp(t
′+τ−t0) + 〈ζ†X(t′)ζ†X(t′ + τ)ζX(t′ + τ)〉e−iωp(t
′−t0)]
+
8Γ2p
Ω2p
Re[〈ζ†X(t′)ζX(t′ + τ)〉eiωpτ − 〈ζ†X(t′)ζ†X(t′ + τ)〉e−iωp(2t
′+τ−2t0)] +
16Γ4p
Ω4p
〈ζ†X(t′)ζ†X(t′ + τ)ζX(t′ + τ)ζX(t′)〉, (30)
with t′ = t− xvg . The second-order correlation g
(2)
T,X(τ) =
1 for a coherent state with a Poissonian distribution of
photons. While g
(2)
T,X(τ = 0) > 1 indicates photon bunch-
ing and super-Poissonian distribution of photons, the
light is anti-bunched and has sub-Poissonian distribution
of photons when g
(2)
T,X(τ = 0) = 0. We can obtain a sim-
ple form for g
(2)
T,X(τ = 0) by setting τ = 0 in G
X
T (t, τ) in
Eq. 30, and we find
g
(2)
T,X(0) =
2(RXp + T Xp )− 1
(T Xp )2
. (31)
In the absence of non-radiative decay, there is no ex-
change of photons between the probe and drive beams,
and we have RXp + T Xp = 1. Therefore, we then get
g
(2)
T,X(0) = (T Xp )−2 ≥ 1 (equality for RXp = 0) signaling
bunching of transmitted probe photons in both Λ and V -
type systems in the absence of amplification of the probe
beam and non-zero reflection. We find from Eq. 31 that
g
(2)
T,X(0) = 1 when 2RXp = (T Xp − 1)2, which is feasible
for a non-zero RXp only in the presence of amplification
of the probe beam. We can further argue from Eq. 31
by multiplying the numerator and denominator by I2p
that g
(2)
T,X(0) → 0 (anti-bunching) when probe intensity
Ip → 0 in the presence of amplification.
9The two-time correlators in Eq. 30 can be derived using
a set of differential equations of the form of Eq. 5. Let
us define a set of operators VX such that 〈VX〉 =MX ,
and we have from Eqs. 5, A1:
d〈VX〉
dt
=RX〈VX〉+ΩX . (32)
Due to the Markovian dynamics of our current waveguide
QED systems and the product form of the initial state,
we get the following differential equations for the required
two-time correlators of the operators using the quantum
regression theorem [12]:
d〈ζ†X(t′)VX(t′ + τ)〉
dτ
=RX〈ζ†X(t′)VX(t′ + τ)〉
+ΩX〈ζ†X(t′)〉, (33)
d〈ζ†X(t′)VX(t′ + τ)ζX(t′)〉
dτ
=RX〈ζ†X(t′)VX(t′ + τ)ζX(t′)〉
+ΩX〈ζ†X(t′)ζX(t′)〉, (34)
d〈VX(t′ + τ)ζX(t′)〉
dτ
=RX〈VX(t′ + τ)ζX(t′)〉
+ΩX〈ζX(t′)〉. (35)
We solve these equations in steady-state for the correla-
tors and use them in Eq. 29 to calculate the coherence
properties of the amplified photons. In Fig. 6, we show
g
(2)
T,X(τ) with delay time τ of the transmitted probe beam
from a Λ and a V -type 3LE for different strength of the
drive and probe beams. For a weak probe beam, we
expect g
(2)
T,X(0) ≥ 1 for lower amplification at weak driv-
ing, and g
(2)
T,X(0) < 1 for higher amplification at stronger
driving, as discussed above. We display these features
in Fig. 6(a,c) for a Λ and a V -type 3LE, respectively.
In Fig. 6(b,d), we further plot g
(2)
T,X(τ) for increasing
probe beam power at a constant drive beam strength.
We find g
(2)
T,X(0) can become nearly zero for low probe
beam power where the incoherent amplification domi-
nates. At this probe power regime, the transmitted probe
beam mostly consists of spontaneously emitted photons
from the drive-beam excited emitter, and the feature of
g
(2)
T,X(0) is determined predominantly by these sponta-
neously emitted photons. On the other hand, the value
of g
(2)
T,X(0) first increases with increasing probe power and
then decreases to 1 for further increasing probe power
when the 3LE is saturated.
V. CROSS-KERR NONLINEARITY
An effective interaction between different light fields at
the single-photon quantum regime is essential for many
all-optical quantum devices and quantum logic gates [39–
41]. The waveguide QED systems are regarded to be
perfectly suitable for creating such interaction between
propagating photons by cross-Kerr coupling in a nonlin-
ear medium of single or multiple emitters. A large cross-
Kerr phase shift per photon has been demonstrated with
two coherent microwave fields at a single-photon level in
a transmission line strongly coupled to a ladder-type 3LE
made of superconducting artificial atom [19]. Such effec-
tive photon-photon interaction in the cross-Kerr medium
has been used to propose quantum nondemolition mea-
surement of a single propagating microwave photon with
high fidelity [42]. Cross-Kerr nonlinearity is also often
employed in various schemes of generation of entangle-
ment between photons [43, 44]. Therefore, it is an im-
portant question to find out which type of 3LE creates
stronger effective photon-photon interaction in waveg-
uide QED. We here make a detailed theoretical analy-
sis of cross-Kerr nonlinearity mediated by a Λ or a V
or a ladder-type 3LE embedded in an open 1D waveg-
uide. We make a comparison between cross-Kerr phase
shifts from these three systems to quantify their perfor-
mances. We also relate the phase response to the ampli-
tude response of the probe beam in these systems, which
would eventually connect the cross-Kerr phase shift and
the coherent amplification. In the following discussion of
cross-Kerr effect, we take non-zero pure-dephasing and
set non-radiative decay Γγ = 0, which implies these sys-
tems do not amplify the probe beam. We later include
non-radiative decay to explore a connection between the
phase and the amplitude response.
A. Comparison of cross-Kerr phase shift from Λ,
V , and ladder-type 3LE
Hoi et al. [19] have quantified the cross-Kerr nonlinear-
ity through a difference in phase of the coherent transmis-
sion amplitude of the probe field in the presence (Ωd 6= 0)
and absence (Ωd = 0) of the drive beam. The coherent
transmission amplitude t˜Xp of the probe beam incoming
from the left of the X-type 3LE can be defined as
t˜Xp =
〈ψ|a†x>0,+(t)|ψ〉
〈ψ|a†x>0,+(t)|ψ〉gp=0
= 1 + 2iχX(t,∆p,∆d)
= 1 +
2iΓp
Ωp
e−iωp(t−x/vg−t0)〈ζ†X(t−
x
vg
)〉, (36)
where ζΛ = µ, ζV,Ξ = σ, and 〈. . .〉gp=0 indicates no cou-
pling between the emitter and the incident probe field.
Here, χX(t,∆p,∆d) represents the optical susceptibility
of the medium, which includes both linear and nonlin-
ear parts of the susceptibility. At long-time steady-state,
χX(t,∆p,∆d) becomes independent of time, and we here
onward consider the cross-Kerr nonlinearity at steady-
state. The phase φXp associated with t˜
X
p at steady-state
(by dropping the time variable in χX(t,∆p,∆d)) is given
by
φXp = tan
−1
( 2 ReχX(∆p,∆d)
1− 2 ImχX(∆p,∆d)
)
. (37)
Therefore, the cross-Kerr phase shift ∆φXp = φ
X
p |Ωd 6=0 −
φXp |Ωd=0. Similarly, we define the amplitude response
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FIG. 7. Amplitude and phase response (∆t˜Xp and ∆φ
X
p ) of probe transmission through a Λ, V , and Ξ-type 3LE embedded
in a 1D waveguide as a function of probe beam detuning. The parameters are Γd = 0.005,Γp = 0.0025,Γλ2 = 0.0028,Γλ3 =
0.0118,Γγ = 0,∆d = 0,Ωd = 0.01414 (〈Nd〉 = 1). The parameters are in unit of ω31 for Λ and V -type 3LE and in unit of ω32
for Ξ-type 3LE.
∆t˜Xp of the probe beam as a difference between the mag-
nitude of the probe transmission amplitude in the pres-
ence (Ωd 6= 0) and absence (Ωd = 0) of the drive beam,
∆t˜Xp = |t˜Xp |Ωd 6=0 − |t˜Xp |Ωd=0. In Fig. 7, we plot the am-
plitude and phase response ∆t˜Xp ,∆φ
X
p of probe trans-
mission as a function of detuning of the probe beam
from the related optical transition of an X-type 3LE.
We take smaller values of probe and drive power to ex-
amine the responses of probe transmission at quantum
regime with relatively low incoherent scattering. Fol-
lowing Ref. [19], we define the average number of probe
(drive) photons 〈Np〉 (〈Np〉) per interaction time, 1/4Γp
(1/4Γd) as 〈Np〉 = Ω2p/8Γ2p (〈Nd〉 = Ω2d/8Γ2d). We show
probe responses in Fig. 7 for two different values of
〈Np〉 = 0.1, 1 and a small 〈Nd〉 = 1. We choose the
values of Γp,Γd,Γλ1 and Γλ2 to be similar to those in
Ref. [19] for a ladder system.
While V and Ξ systems act as a 2LE for a probe beam
in the absence of a drive beam, the probe beam ceases
to interact with a Λ system as the drive field is turned
off. Therefore, |t˜Xp |Ωd=0 is that of a 2LE for X = V,Ξ
(depicting perfect reflection or zero transmission at zero
detunings), and t˜Λp |Ωd=0 = 1. Thus, ∆t˜Λp in Fig. 7(a) de-
picts the transmission amplitude (shifted downwards by
1) of a probe beam manifesting a peak at zero probe de-
tuning (the detuning of the drive beam is fixed to zero)
due to electromagnetically induced transparency in the
presence of a drive beam. We also find the peak height
at two-photon resonance increases with increasing 〈Np〉
[16]. The probe beam transmits through the system with-
out interacting with the emitter at large probe detuning,
and ∆t˜Λp becomes nearly zero. The interaction of a probe
beam with a side-coupled 2LE, V and Ξ system decreases
with increasing probe detuning. Therefore, the transmis-
sion becomes close to one. Nevertheless, ∆t˜V,Ξp is almost
zero at large probe detuning in Fig. 7(c,e) due to a dif-
ference between two numbers, which are nearly equal to
one. |t˜V,Ξp |Ωd=0 depicts perfect reflection or zero trans-
mission at zero detunings, and the drive beam again in-
duces transparency in |t˜V,Ξp |Ωd 6=0 at two-photon resonance
[15]. The peak height of ∆t˜V,Ξp at zero probe detuning
decreases with increasing 〈Np〉 due to saturation of the
3LE by the probe beam in the presence and absence of
the drive beam.
In the bottom row of Fig. 7, we plot the phase re-
sponses ∆φXp of probe transmission corresponding to
those amplitude responses in the top row of Fig. 7. The
main observations on the phase responses in all three sys-
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FIG. 8. Comparison between different definitions of phase
response (∆φXp and ∆φ
′X
p ) of probe transmission through a
Λ and Ξ-type 3LE as a function of the probe beam detun-
ing. The parameters are Γd = 0.005,Γp = 0.0025,Γλ2 =
0.0028,Γλ3 = 0.0118,Γγ = 0,∆d = 0,Ωd = 0.01414 (〈Nd〉 =
1). The parameters are in unit of ω31 for Λ-type 3LE and in
unit of ω32 for Ξ-type 3LE.
tems are the following: (i) the extrema of ∆φXp appear
at some finite detuning of the probe beam depending on
〈Np〉, (ii) the magnitude of extrema of ∆φXp decreases
with increasing 〈Np〉 due to saturation of the emitter by
the beams, (iii) the position of the extrema of ∆φXp in
probe detuning lies in between the extrema of the am-
plitude response where the amplitude response changes
rapidly, (iv) ∆φXp ≈ 0 at two-photon resonance indicat-
ing no effective interaction between the two beams. We
also observe from Fig. 7 (b,d,f) that the maximum value
of ∆φXp is relatively high for V and Ξ systems in com-
parison to the Λ system at these probe and drive power.
While the inclusion of non-radiative decay causes a de-
crease of cross-Kerr phase shift in a Λ and a ladder sys-
tem, it can improve or deteriorate the cross-Kerr phase
shift in a V system depending on the parameters.
We find from Fig. 7 that unlike V and Ξ systems,
the phase response in a Λ system does not rapidly re-
duce to zero with increasing probe detuning. This is
due to zero value of φΛp |Ωd=0, which results from no in-
teraction of the probe beam with the Λ-type 3LE in
the absence of the drive beam. Nevertheless, there is
a linear response regime for a weak probe beam in the
presence of a weak drive beam in a Λ-type 3LE, e.g.,
Ωp,Ωd  Γp,Γd,Γλ2,Γλ3, where the probe transmission
resembles that from a 2LE. In this linear response regime,
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FIG. 9. Phase response (∆φV,Ξp and ∆φ
′Λ
p ) as a function of
the Rabi frequency Ωp,Ωd (also 〈Np〉, 〈Nd〉) of the probe and
drive beams at a probe frequency that maximizes the phase
shift. The parameters are Γd = 0.005,Γp = 0.0025,Γλ2 =
0.0028,Γλ3 = 0.0118,Γγ = 0,∆d = 0. The parameters are in
unit of ω31 for Λ-type 3LE and in unit of ω32 for Ξ-type 3LE.
we have an approximate form for χΛ(ωp, ωd) as
χΛl = −
Γp
∆p + iΓ32
(
1− Γ31Γ32(Ip/Id)
Γ232 + Γ31Γ32(Ip/Id) + ∆
2
p
)
,(38)
with Γ31 = Γ˜ + Γλ3,Γ21 = Γλ2,Γ32 = Γ31 + Γ21. We
apply χΛl in Eq. 37 to calculate the phase φ
′Λ
p of the
transmission amplitude of the probe field in the lin-
ear regime. Using φ
′Λ
p , we propose a new definition of
the phase response as ∆φ
′Λ
p = φ
Λ
p |Ωd 6=0 − φ
′Λ
p |Ωd 6=0. In
Fig. 8(a,b), we show the lineshape of ∆φ
′Λ
p as a function
of probe detuning and compare it with ∆φΛp . ∆φ
′Λ
p van-
ishes at large probe detuning, and it also gives higher
magnitude for cross-Kerr phase shift than ∆φΛp . To
further investigate the effectiveness of the new defini-
tion of the cross-Kerr phase shift, we also plot ∆φ
′Ξ
p (≡
φΞp |Ωd 6=0−φ
′Ξ
p |Ωd 6=0) in Fig. 8(c,d) where we use the linear
form, χΞl = −Γp/(∆p + i(2Γp + Γλ2)) to find φ
′Ξ
p using
Eq. 37. While ∆φ
′Ξ
p matches with ∆φ
Ξ
p for a small probe
power in Fig. 8(d), they differ quite a bit at a relatively
higher probe power in Fig. 8(c). This is probably due
to the absence of the self-Kerr effect of the probe beam
in ∆φΞp against its presence in ∆φ
′Ξ
p . Therefore, we con-
clude that ∆φ
′Λ
p properly quantifies the cross-Kerr phase
shift in the Λ system only at relatively low probe power.
Finally, we discuss the features of the phase response of
probe transmission in different 3LEs as a function of the
probe and drive beam power at a probe frequency that
maximizes the phase shift. These features were measured
in Ref. [19] for a ladder system. In Fig. 9(a), we plot
∆φV,Ξp and ∆φ
′Λ
p as a function of Ωd and 〈Nd〉 for two dif-
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ferent values of 〈Np〉 at a probe frequency that maximizes
the phase shift. We find that ∆φV,Ξp increases with in-
creasing Ωd (〈Nd〉) before saturating at a relatively large
〈Nd〉/〈Np〉 values. We notice that the extremum of φXp
appears at a very different probe frequency for Ωd = 0
and large Ωd. We also observe the magnitude of the ex-
tremum of φXp decreases with increasing Ωd. Therefore,
the saturation value of ∆φXp in Fig. 9(a) at large Ωd is
mostly determined by the extremum of φXp at Ωd = 0. We
further notice from Fig. 9(a) that the magnitude of ∆φXp
decreases for a higher value of 〈Np〉 at any Ωd (〈Nd〉)
which we depict in Fig. 9(b) both for ∆φV,Ξp and ∆φ
′Λ
p .
While the constant cross-Kerr phase shift at very small
Ωp in Fig. 9(b) denotes the linear probe regime, the de-
crease of ∆φV,Ξp and ∆φ
′Λ
p with increasing Ωp is due to
the saturation of probe transition by the probe beam.
The Fig. 9(a) shows a strong non-monotonic dependence
of ∆φ
′Λ
p on Ωd (or 〈Nd〉) for a fixed 〈Np〉. Such non-
monotonic dependence is generated by competition be-
tween the phase shift near the small probe detuning at
zero (or very small) Ωd and that near the Autler-Townes
peaks at higher Ωd.
At relatively small values of Ωd (〈Nd〉), we find ∆φVp >
∆φΞp  ∆φ
′Λ
p , which can be argued by comparing
the Kerr coefficient kX defined as ∆φ
V,Ξ
p = kV,ΞΩ
2
d or
∆φ
′Λ
p = kΛΩ
2
d [19]. In the parameter regime, Ωp  Ωd <
Γp,Γd,Γλ2,Γλ3, we derive approximate kX for different
3LEs as
kΛ =
2Γp∆p(Γ21Γ32 + (Γ21 + Γ32)(Γ32 − 2Γp)−∆2p)
(Γ221 + ∆
2
p)(Γ
2
32 + ∆
2
p)((Γ32 − 2Γp)2 + ∆2p)
,
kV =
Γp∆p(Γ
′2
21 + 4Γd(Γ
′
21 − Γp) + ∆2p)
Γ′31Γd(Γ
′2
21 + ∆
2
p)((Γ
′
21 − 2Γp)2 + ∆2p)
,
kΞ =
2Γp∆p(Γ
′
21Γ
′
31 + (Γ
′
21 + Γ
′
31)(Γ
′
21 − 2Γp)−∆2p)
(Γ′221 + ∆2p)(Γ
′2
31 + ∆
2
p)((Γ
′
21 − 2Γp)2 + ∆2p)
,
where Γ′21 = 2Γp + Γλ2,Γ
′
31 = 2Γd + Γλ3,Γ
′
32 = Γ
′
31 +
Γ′21. We find for a small cross-Kerr phase shift in the
regime Ωp  Ωd < Γd,Γp,Γλ2,Γλ3: |kV | > |kΞ|, |kΛ|,
which shows a V system can induce a higher cross-Kerr
nonlinearity than a ladder or a Λ system. We further
find |kΞ| > |kΛ| implying better performance of a ladder
system over a Λ system in the above regime of small
cross-Kerr phase shift.
B. Amplitude and phase response:
Kramers-Kronig relations
We have discussed coherent amplification and cross-
Kerr phase shift of probe transmission using the ampli-
tude and phase response of the transmitted probe field.
We here show that these two responses are related by the
well-known Kramers-Kronig relations which connect the
real and imaginary parts of any complex function that is
analytic in the upper half-plane of a complex variable and
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FIG. 10. Comparison between the exact phase response
φXp (X = Λ,Ξ, V ), and that derived using the Kramers-
Kronig (KK) relation. The parameters are Γd = 0.005,Γp =
0.0025,Γλ2 = 0.0028,Γλ3 = 0.0118,Γγ = 0.001,∆d = 0,Ωd =
0.01414. The parameters are in unit of ω31 for Λ-type 3LE
and in unit of ω32 for Ξ-type 3LE.
vanishes at a specific rate as the magnitude of the com-
plex variable goes to infinity. We can write the probe
transmission in steady-state as t˜Xp = |t˜Xp |eiφ
X
p , where
|t˜Xp | = (4[ReχX(∆p,∆d)]2 + (1 − 2ImχX(∆p,∆d))2)1/2,
and φXp is in Eq. 37. Both |t˜Xp | and φXp are function of the
probe and drive beam detunings. We can further define
log t˜Xp = log |t˜Xp | + iφXp , where both log |t˜Xp | and φXp are
real, and function of ∆p,∆d. To investigate analyticity
of log t˜Xp , we approximate χ
X(∆p,∆d) for different 3LEs
in the limit of Ωp → 0 as
χΛa = −
Γp
∆p + iΓ32
(
1− Ω
2
d
Ω2d − (∆p + iΓ21)(∆p + iΓ32)
)
,
χΞa = χ
Ξ
l
(
1− Ω
2
d
Ω2d − (∆p + iΓ′21)(∆p + iΓ′31)
)
,
χVa = χ
V
l ×(
1− Ω
2
d((∆p + iΓ
′
21 + 2iΓd)(∆p + iΓ
′
32)− 2Ω2d)
2(Ω2d + ΓdΓ
′
31)(Ω
2
d − (∆p + iΓ′21)(∆p + iΓ′32))
)
,
where χVl = χ
Ξ
l . There are ordinary poles and branch
point in the complex plane of log t˜Xp coming respectively
from vanishing denominator of χXa and t˜
X
p = 0. We find
in our numerics that all the poles of the complex function
log t˜Xp in the limit Ωp → 0 lie in the lower half-plane of
complex probe frequency detuning ∆p for all three 3LEs.
log t˜Xp also decays faster than 1/|∆p| as |∆p| → ∞ for
all three 3LEs. We also observe the above two features
of the complex function log t˜Xp to hold in the presence
of a non-zero non-radiative decay Γγ , which generates
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amplification of the probe beam in Λ and V systems.
Thus, we get from the Kramers-Kronig relations:
φXp (∆p,∆d) = −
1
pi
P
∫ ∞
−∞
log |t˜Xp (∆′p,∆d)|
∆′p −∆p
d∆′p, (39)
log |t˜Xp (∆p,∆d)| =
1
pi
P
∫ ∞
−∞
φXp (∆
′
p,∆d)
∆′p −∆p
d∆′p. (40)
Therefore, a knowledge of ∆p-dependence of φ
X
p (|t˜Xp |)
can be used to find |t˜Xp | (φXp ) at any ∆p employing Eq. 40
(Eq. 39). We can perform these calculations in the pres-
ence and absence of the drive beam, and these amplitude
and phase responses can be used to get the coherent am-
plification and the cross-Kerr phase shift in the limit of
Ωp → 0. In Fig. 10, we compare φXp evaluated using the
Kramers-Kronig relation in Eq. 39 to the exact φXp for
two different values Ωp (〈Np〉) in different 3LEs in the
absence and presence of a non-radiative decay. We find
the values of φXp obtained using the Kramers-Kronig re-
lation match perfectly with the exact values for small
Ωp (〈Np〉 = 0.01), but they differ when the value of
Ωp (〈Np〉) increases. This mismatch at larger Ωp is due
to the breakdown of the Kramers-Kronig relations in the
nonlinear regime of Ωp. Such breakdown is because of
nonanalyticity of log t˜Xp (appearance of poles in the up-
per half-plane) in the complex plane of probe frequency
detuning at finite Ωp.
VI. DISCUSSION
We have analyzed scattering of two light beams from
different configurations of a single 3LE embedded in an
open waveguide. The treatment of both the beams within
a fully quantum mechanical microscopic modeling at the
few-photon regime and the inclusion of corresponding in-
herent relaxation are some unique features of our the-
ory. Apart from the investigation of amplification and
cross-Kerr interaction in this paper, such modeling can
be useful for the study of electromagnetically induced
transparency, nonreciprocity, quantum wave mixing, etc.
We here have compared our results with the recent ex-
periments probing coherent amplification and cross-Kerr
phase shift. For example, the values of the cross-Kerr
phase shift in our study for a ladder system with both
the probe and drive fields at the single-photon level are
similar to the experimentally observed value of approx-
imately 10 degrees in Hoi et al. [19]. We also find that
the dependence of the cross-Kerr phase shift on the probe
and drive power at a probe frequency that maximizes the
phase shift shows similar trends as measured by Hoi et al.
[19]. While Hoi et al. [19] applied a continuous probe and
a drive pulse with a finite width in their experiment, our
theoretical analysis is with continuous probe and drive
beams. Nevertheless, the agreement in the value of the
cross-Kerr phase shift in the experiment and our study
is acceptable. Because the pulse width in the experiment
is much longer than the relaxation time of the associ-
ated transition, and then our steady-state analysis with
a continuum drive beam can be applied satisfactorily for
a pulse drive beam of long width. Our prediction us-
ing the Heisenberg-Langevin equations approach for the
maximum coherent amplification in a V also perfectly
matches with that from a different analysis using the
Lindblad equation in Astafiev et al. [28].
It would now be interesting to experimentally test our
other predictions on amplification and cross-Kerr non-
linearity for different types of 3LE, which have not yet
been demonstrated in experiments. Notably, we have
extended the theoretical analysis to the incoherent am-
plification, which was not previously measured in the ex-
periment by Astafiev et al. [28], and we also here com-
pared it to the coherent amplification. Finally, we have
here correlated the amplitude and phase responses of the
probe beam, which are separately used in experiments by
Astafiev et al. [28] and Hoi et al. [19]. We mainly show
that the knowledge of any one of the response can be
employed to derive the other response for a weak probe
beam. While the Kramers-Kronig relation seems to work
correctly in the linear probe regime in Fig. 10, the ap-
plication of the Kramers-Kronig relation in our study is
in the nonlinear regime when both the probe and drive
beams are considered. Therefore, our analysis opens up
an exciting possibility for the examinations of amplifica-
tion and cross-Kerr nonlinearity.
Appendix A: Transport properties of V-type 3LE
dMV
dt
=RVMV +ΩV , where RV = (A1)
κ4 0 0 iΩd −iΩd iΩp 0 0
0 κ5 iΩd −iΩp −2iΩp 0 0 0
0 iΩd κ6 0 0 0 0 −iΩp
iΩd 0 0 −4Γd − 2Γγ 0 0 0 −iΩd
−iΩd −iΩp 0 4Γd − 4Γp −4Γp 0 iΩp iΩd
iΩp 0 0 0 0 κ
∗
6 −iΩd 0
0 0 0 iΩp 2iΩp −iΩd κ∗5 0
0 0 −iΩp −iΩd iΩd 0 0 κ∗4

,
MV (t) = (N ∗3 ,S3,M∗3,N4,S4,M3,S∗3 ,N3)T and ΩV =
(0, iΩp, 0, 0, 4Γp, 0,−iΩp, 0)T . We define the diagonal en-
tries κ4 = −i∆d − Γγ − 2Γd, κ5 = −i∆p − 2Γp, κ6 =
κ∗4+κ5, ∆p = ω21−ωp, ∆d = ω31−ωd. We have used the
following definitions for the expectation of the emitter’s
operators in MV (t):
N3(t) = 〈ψ|ν(t)|ψ〉e−iωd(t−t0),
S3(t) = 〈ψ|σ(t)|ψ〉eiωp(t−t0),
S4(t) = 〈ψ|σ(t)σ†(t)|ψ〉,
M3(t) = 〈ψ|µ(t)|ψ〉ei(ωd−ωp)(t−t0),
N4(t) = 〈ψ|ν(t)ν†(t)|ψ〉.
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T Vp (t) = 1 +
4Γ2p
Ω2p
(1−N4(t)− S4(t))
− 4Γp
Ωp
Im[S∗3 (t)], (A2)
T Vd (t) = 1 +
4Γ2d
Ω2d
N4(t)− 4Γd
Ωd
Im[N3(t)], (A3)
RVp (t) =
4Γ2p
Ω2p
(1−N4(t)− S4(t)), (A4)
RVd (t) =
4Γ2d
Ω2d
N4(t). (A5)
Appendix B: Transport properties of ladder(Ξ)-type
3LE
dMΞ
dt
=RΞMΞ +ΩΞ, where RΞ = (B1)
κ8 −iΩd 0 0 0 iΩp 0 0
−iΩd κ5 0 −iΩp −2iΩp 0 0 0
0 0 κ∗7 −2iΩd −iΩd 0 0 −iΩp
0 0 −iΩd −4Γd − 2Γγ 0 iΩd 0 0
0 −iΩp 0 2Γγ − 4Γp −4Γp 0 iΩp 0
iΩp 0 0 2iΩd iΩd κ7 0 0
0 0 0 iΩp 2iΩp 0 κ
∗
5 iΩd
0 0 −iΩp 0 0 0 iΩd κ∗8

,
MΞ(t) = (N ∗5 ,S5,M∗5,N6,S6,M5,S∗5 ,N5)T and ΩΞ =
(0, iΩp, iΩd, 0, 4Γp,−iΩd,−iΩp, 0)T . We define the diag-
onal entries κ7 = −i∆d − Γ˜, κ5 = −i∆p − 2Γp, κ8 =
κ7 − κ∗5, ∆p = ω21 − ωp, ∆d = ω31 − ω21 − ωd. We have
used the following definitions for the expectation of the
emitter’s operators in MΞ(t):
N5(t) = 〈ψ|ν(t)|ψ〉e−i(ωd+ωp)(t−t0),
S5(t) = 〈ψ|σ(t)|ψ〉eiωp(t−t0),
S6(t) = 〈ψ|σ(t)σ†(t)|ψ〉,
M5(t) = 〈ψ|µ(t)|ψ〉eiωd(t−t0),
N6(t) = 〈ψ|ν(t)ν†(t)|ψ〉.
T Ξp (t) = 1 +
4Γ2p
Ω2p
(1−N6(t)− S6(t))
− 4Γp
Ωp
Im[S∗5 (t)], (B2)
T Ξd (t) = 1 +
4Γ2d
Ω2d
N6(t)− 4Γd
Ωd
Im[M∗5(t)], (B3)
RΞp (t) =
4Γ2p
Ω2p
(1−N6(t)− S6(t)), (B4)
RΞd (t) =
4Γ2d
Ω2d
N6(t). (B5)
Appendix C: Quantum vs. classical drive beam
In most earlier studies of such 3LEs with two beams
in an open waveguide, the drive light is considered to be
a classical beam at a relatively higher intensity [1]. The
Hamiltonian in Eqs. 1 and 2 for a classical drive beam can
be rewritten in a frame rotating at the drive frequency
ωd as
HclΛ
~
= ω21σ
†σ + (ω31 + ωd)µ†µ+ Ωd(ν + ν†)
+
∫ ∞
−∞
dk
[
vgk(a
†
k+ak+ − b†k+bk+ + c†kck + d†kdk
+ f†kfk) + (gpµ
†βk+ + γσ†dk + h.c.)
+ λ2(ck + c
†
k)σ
†σ + λ3(fk + f
†
k)µ
†µ
]
, (C1)
where Ωd is the Rabi frequency of the drive beam. Such
classical modeling of the drive beam ignores any relax-
ation induced by the beam to the optical transition. The
explicit inclusion of relaxation in microscopic quantum
modeling causes differences in the probe beam lineshapes
from a driven Λ-type 3LE obtained by classical and quan-
tum modeling at a weak intensity of the drive beam. Such
differences are relatively less significant for a V and a lad-
der system.
By setting the decay Γd = 0 in RΛ of Eq. 5, we get
the time-evolution of a Λ-type 3LE and a probe beam
for a classical drive beam of strength Ωd as in Eq. C1.
The relaxation terms with Γd in Eq. 5 appear due to mi-
croscopic quantum modeling of the drive beam in Eqs. 1
and 2, and it has introduced an off-diagonal relaxation
term in the evolution matrixRΛ apart from the extra re-
laxation in the diagonal entries of RΛ. This off-diagonal
relaxation term in RΛ generates some interesting differ-
ences in the lineshapes and power spectra of the scattered
probe light for a weak drive in Eq. 1 in comparison to a
weak drive beam in Eq. C1. While a weak probe beam
(single-photon regime) is perfectly reflected when Γγ = 0
and Ωd → 0 for classical modeling of the drive beam, it
can be fully transmitted as Ωd → 0 for quantum model-
ing. In the absence of the classical drive beam (Ωd → 0)
in Eq. C1 and Γγ = 0, the Λ-type 3LE reduces to an
effective 2LE with a transition |2〉 ↔ |3〉, which is cou-
pled to the probe beam. Therefore, a probe photon at
resonant (∆p = 0) to this transition perfectly reflects
in a side-coupled waveguide QED system. On the other
hand, for quantum modeling of drive beam in Eqs. 1 and
2, there would be some spontaneous emission from the
excited |3〉 to |1〉 even when Ωd → 0. This is due to the
off-diagonal relaxation term arising from the coupling of
|3〉 ↔ |1〉 transition to the vacuum modes of the drive
beam. Such spontaneous emission brings the population
of the 3LE to |1〉 level by emitting a drive photon of −
polarization. Nevertheless, the conversion of probe pho-
ton to drive photon of different polarization can occur
for maximum a single photon at Ωd → 0 in Eqs. 1 and 2,
and it is a transient process as the probe field does not
further interact with the emitter. Therefore, probe pho-
15
tons fully transmit through the Λ-type 3LE at long-time
steady-state when Ωd → 0.
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